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Abstract

A robust spatially feedforward controller is developed for broadband attenuation of noise in ducts. To
meet the requirements of robust performance and robust stability in the presence of plant uncertainties, a m-
synthesis procedure via D–K iteration is exploited to obtain the optimal controller. This approach considers
uncertainties as modelling errors of the nominal plant in high frequency and is implemented using a floating
point digital signal processor (DSP). Experimental investigation was undertaken on a finite-length duct to
justify the proposed controller. The m- controller is compared to other control algorithms such as the H2

method, the HN method and the filtered-U least mean square (FULMS) algorithm. Experimental results
indicate that the proposed system has attained 25.8 dB maximal attenuation in the band 250–650Hz.
r 2003 Elsevier Science Ltd. All rights reserved.

1. Introduction

Compared to conventional passive technologies, active noise control (ANC) offers numerous
advantages, e.g., compact size and low-frequency performance. Fixed controllers based on
optimal control and robust control are gaining research attention in the field of ANC, even the
adaptive feedforward controllers, e.g., the least mean square (LMS) method and its variants are
being widely used [1–5]. Many design techniques have been applied to the duct ANC problem for
synthesizing fixed controllers. Hong et al. [6] and Wu et al. [7] investigated the duct ANC problem
using the linear quadratic Gaussian (LQG) control. Along the same line, robust controllers are
designed using combined pole placement and loop shaping method [8]. Bai and Wu [9] solved the
problem via linear programming in the l1- and l2-norm vector space using model matching
approach. In an earlier research, Bai and Chen [10] developed the H2 and HN model matching
principle to deal with the same problem. To suppress narrowband noise, an internal model-based
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ANC system has also been proposed by Hu [11]. In the work of Bai and Lin [12], HN robust
control theory was used to compare three control structures: feedback control, feedforward
control, and hybrid control in terms of performance, stability, and robustness.
In ANC applications to date, feedforward control has been the most effective approach.

However, a non-acoustical reference required by feedforward control is usually unavailable in
many applications. The spatially feedforward control structure shown in Fig. 1(a) appears to be
the only approach in dealing with such situations, especially when broadband attenuation is
sought. The term, spatially feedforward structure, stems from the fact that the ANC system in
Fig. 1(b) includes an acoustic feedback path and is thus not a purely feedforward structure. In this
case, stability and robustness problems will arise and the achievable performance will also be
degraded. In addition, the perturbation between the nominal plants and real plants should be
considered in designing the ANC controller. Common causes of plant uncertainties are modelling
errors, measurement noises, and the perturbations in physical conditions. A comprehensive
investigation on the effect of different physical conditions on ducts such as flow, temperature,
lining, and radiation impedance, can be found in Ref. [13]. However, in this paper, we shall focus
on primarily the uncertainties resulting from modelling errors on which the robust control design
is based.
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Fig. 1. The spatially feedforward structure; (a) the ANC system of a duct and (b) the equivalent block diagram.
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A control method ensuring robust stability and robust performance is highly desirable.
Therefore, the m-synthesis control is proposed for the design of a spatially feedforward controller
for duct ANC problems. Two interconnected structures for modelling the ANC system are used to
develop the controllers. The first structure does not account for uncertainty, while the second
structure does. Thus, the controller synthesized via the H2 method or the HN method in the first
case focuses its effort on nominal performance. However, when the HN method is used to design
the controller under the second structure considering uncertainty, the control performance is
reduced and tends to be conservative. Then, m-synthesized controller is introduced in the second
case and obtains good noise reduction which is comparable to the performance of the HN method
in the first structure. In an experimental verification using a finite-length duct, the aforementioned
fixed controllers are also compared to the filtered-U least mean square (FULMS) controller which
is a widely used method in dealing with feedforward ANC problem.

2. l-synthesis control design

The objective of robust control is to achieve acceptable performance for all models within a
specified, bounded uncertainty set. In comparison with the other control strategies, m-synthesis
provides a design procedure with the ability to cope with the stringent requirement of robust
performance. In this section, the general ideas of m-synthesis will be given, alongside a brief review
of the HN control theory for it is the basis of the former theory.

2.1. HN Control theories

All control structures, including the feedback and the feedforward structures could be cast into
a generalized control framework in robust control theory. The framework, as illustrated in Fig.
2(a), contains a controller KðsÞ and an augmented plant PðsÞ where zðtÞ is a vector signal including
all controlled signals and tracking errors, wðtÞ is a vector signal including noise, disturbances, and
reference signal, uðtÞ is the control signal, and yðtÞ is the measurement output. The relationships
between these variables are described as

ZðsÞ

YðsÞ

" #
¼ PðsÞ

WðsÞ

UðsÞ

" #
¼

P11ðsÞ P12ðsÞ

P21ðsÞ P22ðsÞ

" #
WðsÞ

UðsÞ

" #
;

U sð Þ ¼ K sð ÞY sð Þ; ð1Þ

where the submatrices PijðsÞ are compatible partitions of the augmented plant PðsÞ:
The objective of the HN control is to minimize the infinity norm of the transfer function matrix

from WðsÞ to ZðsÞ; which is denoted by TzwðsÞ that can be expressed by lower linear fraction
transformation (LFT):

TzwðsÞ ¼ FlðP;KÞ ¼ P11ðsÞ þ P12ðsÞKðsÞ½I� P22ðsÞKðsÞ��1P21ðsÞ: ð2Þ

The mathematical statement of the HN control problem is then represented as

min
kðsÞ

TzwðsÞj jj j
N
¼ min

kðsÞ
sup

�NpopN

%s½TzwðjoÞ�: ð3Þ
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However, an optimal HN controller is generally very difficult to find. In practice, it is usually
easier to obtain a ‘‘suboptimal’’ controller using the g-iteration [14]. In other words, we are
content with finding a stabilizing controller such that

TzwðsÞj jj j
N
og: ð4Þ

The details of the synthesis procedure involving the solutions of two Riccati equations can be
found in Refs. [15,16] and are omitted here for simplicity.

2.2. m-Analysis

Because the HN controller is conservative in structured uncertainty model, the m-synthesis
controller is introduced to provide better performance. The general framework used in m-synthesis
controller design is shown in Fig. 2(b). The interconnected structure incorporates an augmented
plant PðsÞ; a controller KðsÞ and an uncertainty set DðsÞ into one large system where vðtÞ and dðtÞ
correspond to model uncertainties or perturbations while zðtÞ; wðtÞ; uðtÞ; and yðtÞ have been
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Fig. 2. Block diagrams of robust control structure: (a) generalized control framework in robust control theory, (b)

generalized framework in m-synthesis control theory and (c) linear fractional transformation with an uncertainty model.
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defined as Fig. 2(a). The closed-loop transfer function M shown in Fig. 2 (c) is derived as a lower
LFT M ¼ FlðP;KÞ ¼ P11 þ P12KðI� P22KÞ

�1P21 defined in Eq. (2).
Furthermore, the transfer function from wðtÞ to zðtÞ is represented as an upper LFT

z ¼ FuðM;DÞw; ð5Þ

where

FuðM;DÞ ¼ M22ðsÞ þM21ðsÞDðsÞðI�M11ðsÞDðsÞÞ
�1M12ðsÞ;

M ¼
M11 M12

M21 M22

" #
:

The uncertainty model D is assumed to belong to the set

D ¼ diag d1Ik1
;y; drIkr

;D1;D2;y;DS

� �
: diAC;DjACmj	mi

� �
; ð6Þ

BD ¼ DADj %s Dð Þp1f g; ð7Þ

where diIkr
denotes blocks-repeated scalar uncertainty and Dj denotes full block uncertainty. Two

non-negative integers, r and s, represent the number of repeated scalar blocks and the number of
full blocks, respectively. The dimension of the ith repeated scalar block is ki 	 ki; while the jth full
block is mj 	 mi [17]. In Eq. (7), %s indicates the maximum singular value.
In the design of HN controller, robustness to unstructured uncertainty is considered, using an

infinity norm test on M11: Unstructured uncertainty corresponds to the perturbation D as a single
full block. Unfortunately, norm bounds are inadequate for dealing with robust performance or
realistic descriptions of plant uncertainty. The structured singular value m; which is a generalization
of a singular value, is used to analyze the robust stability and robust performance for a system
with structured uncertainty. For a system M, the structured singular value m is defined as [18]

mD Mð Þ ¼ min
DAD

%s Dð Þ : det I� DMð Þ ¼ 0f g
� ��1

; ð8Þ

which is essentially a measure of the smallest uncertainty D that may distabilize the closed-loop
system.
By setting the model uncertainty D in the problem formulation to zero in Fig. 2(c), we get that

nominal performance is just a norm test on M22; i.e.,

M22j jj j
N
¼ sup

w
%s½M22ðsÞ�: ð9Þ

m introduced in the above is used in the following two theorems [18], characterizing two properties
of a system with structured uncertainties.

Theorem 1 (Robust stability). The linear fractional transformation of the closed-loop system and
the perturbation structure FuðM;DÞ; is stable for all D if and only if mðM11ðsÞÞ is less than 1.

This theorem indicates that stability of any linear, time-invariant system in the presence of
structured uncertainty can be rewritten as a structured singular value test.
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Theorem 2 (Robust performance). The linear fractional transformation of the closed-loop system
and the perturbation structure FuðM;DÞ; is stable for all D and FuðM;DÞj jj j

N
p1; if and only if

supw mðMðsÞÞ is less than 1.

This theorem implies that given a performance objective described in terms of an infinity norm
test, robust performance of any linear, time-invariant system in the presence of structured
uncertainty can be written as a structured singular value test.

2.3. m-Synthesis

The ultimate goal of m-synthesis is to find a stabilizing controller KðsÞ such that the transfer
function from wðtÞ to zðtÞ has norm less than 1 in Fig. 2(b). In other words, the controller KðsÞ is
synthesized to achieve the robust performance, which implies that the performance specifications
of the closed-loop system are met for all uncertainty models. The objective of m-synthesis could be
represented as in the following equation:

min
K

stablizing

max
o

mD FlðP;KÞðjoÞ½ �: ð10Þ

Because there is no analytical solution available to the above problem, one generally employs a
practical approach called D–K iteration technique [14,18]. This approach replaces mD Mð Þ by the
upper bound for m; %s DFlðP;KÞD�1

	 

; where DðsÞ is a stable, minimum phase transfer function

with the form

DðsÞ ¼ diag d1I; d2I;yy; dF�1I; I½ � : di > 0f g: ð11Þ

The first procedure of D–K iteration is holding the scaling function DðsÞ fixed. After replacing the
original interconnected structure PðsÞ with a new PscaledðsÞ shown in Fig. 3, the following
optimization is performed:

min
K

stablizing

DFlðP;KÞD�1
�� ���� ��

N
; ð12Þ

which is the same as

min
K

stablizing

FlðPscaled ;KÞj jj j
N
: ð13Þ

Eq. (13) is an HN-optimization problem.
The next procedure is holding the controller KðsÞ fixed. The resulting scaling function DðsÞ is a

function of frequency and is obtained by solving the following minimization corresponding to the
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upper bound for m:

min
D

%s½DFlðP;KÞD�1�; ð14Þ

which is a m-analysis problem. Note that the scaling function DðsÞ typically contains some states,
so the realization of the new PðsÞ; PscaledðsÞ; usually has a higher state-space dimension than the
original. Therefore, one need not approximate the DðsÞ function too accurately in the non-critical
frequency ranges. Iterating the above two procedures, either the new HN-optimal KðsÞ is found to
satisfy the m-analysis objective or a new DðsÞ can be obtained. After iterations, the value %mðMÞ will
decrease and asymptotically converge to a certain value. The design is regarded as acceptable if
the value is less than unity. In general, it takes only a few iterations to reach a suboptimal
solution. The iteration is not guaranteed to reach the global minimum for the reason that both
optimizations over DðsÞ and KðsÞ are convex, but the combined problem however is not necessarily
convex. The details of m analysis and synthesis can be found in Ref. [17].

3. l-Synthesis of a duct ANC system

In the robust control design for duct ANC problems, it is assumed that a frequency-domain
multiplicative type of uncertainty is used, i.e.,

PphysicalðsÞ ¼ PnominalðsÞ½1þ DðsÞ�; ð15Þ

where PphysicalðsÞ represents the physical plant, PnominalðsÞ is the nominal plant, and DðsÞ is the
multiplicative uncertainty [19]. The uncertainty considered here is primarily the difference
between the plant model and the real plant beyond the control bandwidth, which may cause
excessive control output at high frequency. Therefore, it is important for the controller to be
robust against this type of uncertainty.
The general input–output relation of the augmented plant in Eq. (1) can be redefined as follows:

zðtÞ

yðtÞ

" #
¼

PzwðsÞ

PywðsÞ

"
PzuðsÞ

PyuðsÞ

#
wðtÞ

uðtÞ

" #
; ð16Þ

where Pyu(s), Pzu(s), Pzw(s), and Pyw(s) are properly partitioned transfer functions of augmented
plant P and they are shown in Fig. 1(b). To calculate the uncertainty defined in Eq. (15) for the
duct ANC problem, four frequency responses of the partitioned plants are measured by a signal
analyzer in 0–800Hz and are regarded as the nominal plants, whereas four frequency responses
measured in 0–1600Hz are regarded as the physical plants.
Then, the frequency response magnitudes measured in 0–800 and in 0–1600Hz as shown in

Figs. 4 and 5, respectively, can be used to calculate the uncertainty of aforementioned four
partitioned transfer functions of the augmented plant P: The uncertainty DiðsÞ of each transfer
function is assumed to be bounded by a highpass weighting function Whigh;iðsÞ; i ¼ 1; 2; 3; 4: Based
on the definition in Eq. (15), the weighting function Whigh;iðsÞ is selected according to the following
equation:

PphysicalðjoÞ
PnominalðjoÞ

� 1

����
����p Whigh;iðjoÞ

�� �� 8o; ð17Þ
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Fig. 6 shows the calculated uncertainty bounded by the chosen weighting function Whigh;iðsÞ of
these four transfer functions, respectively. Note that we do not include the low-frequency part
(below 250Hz) in the measured frequency response during system identification for its poor
coherence. In addition, the ripples in those diagrams of uncertainty below 650Hz are due to the
numerical errors in system identification. Thus, only the high-frequency part is important and
these ripples are disregarded.
Two interconnected structures are illustrated here. The first structure does not consider the

effect of uncertainty. Two synthesis methods, the HN control and H2 control are implemented in
this structure. On the other hand, HN control and m-synthesis are applied in the second
interconnected structure with uncertainty taken into consideration. The input–output relation of
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Fig. 4. The frequency responses of the nominal plants measured within 0–800Hz: (a) Pzw; (b) Pyw; (c) Pzu; (d) Pyu.
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the augmented matrix corresponding to the first structure shown in Fig. 7 is described as follows:

z1

z2

y

2
64

3
75 ¼ P

w

u

" #
¼

WbPzw WbPzu

0 Wbs

Pyw Pyu

2
64

3
75 w

u

" #
; ð18Þ

where Wb and Wbs are chosen to be bandpass and bandstop weighting functions, respectively. The
term Wb is a performance weight for disturbance rejection in the desired frequency band. To
prevent the system from instablility, controller weight Wbs is used to restrict the controller gain
out of controlled frequencies. The second interconnected structure considering uncertainty is
shown in Fig. 8. The block diagram of the duct system can be rearranged into the m-synthesis
framework in Fig. 2(b). The augmented plant PðsÞ used to synthesize the controller has vector
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inputs and outputs arranged as follows:

v1

v2

v3

v4

v5

z

y

2
666666666664

3
777777777775
¼ P

d1

d2

d3

d4

w

u

2
6666666664

3
7777777775
¼

0 0 0 0 Whigh1 0

0 0 0 0 Whigh2 0

0 0 0 0 0 Whigh3

0 0 0 0 0 Whigh4

0 0 0 0 0 Wbs

WbPzw 0 WbPzu 0 WbPzw WbPzu

0 Pyw 0 Pyu Pyw Pyu

2
666666666664

3
777777777775

d1

d2

d3

d4

w

u

2
6666666664

3
7777777775
: ð19Þ

The weighting functions of the above equation have been defined before.
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4. Experimental investigations

4.1. Experimental description

The experimental set-up in the spatially feedforward structure of a duct is shown in Fig. 9. A
duct made of plywood is used for verifying the proposed ANC method. The length of the duct is
440 cm and the cross-section is 25 cm	 25 cm. The distance between the primary source speaker
and the measurement microphone is 10 cm. To reduce acoustic feedback, we use the backward
control loudspeaker facing the open end of the duct. The distance between the measurement
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microphone and the control speaker is 100 cm to ensure causality of the controller. The distance
between the control speaker and the performance microphone is 110 cm.
Two loudspeakers with 10 cm	 10 cm plane diaphragms are used to transmit primary (noise)

and secondary (control) sources. The disturbance noise source is generated by a signal analyzer
and the noise signal is picked up by the upstream sensor which is a unidirectional condenser
microphone. Next, the noise signal is filtered by the controller implemented on the platform of a
floating-point TMS320C32 digital signal processor (DSP) to generate the control source. The
downstream microphone is used to monitor the control performance.
The DSP equipped with four 16-bit analog IO channels is utilized to implement different

controllers. The sampling frequency is chosen to be 2 kHz. Considering the cut-off frequency of
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the duct (approximately 700Hz) and the poor response of the speaker at low frequency, we chose
control bandwidth from 250 to 650Hz.

4.2. Experimental results

Two categories of experiments were performed for comparison. The HN control and H2 control
are implemented in the structure shown in Fig. 7, which does not consider the effect of
uncertainty, while the HN control and m-synthesis are applied in the second interconnected
structure shown in Fig. 8, which takes uncertainty into consideration.
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The design procedures of the HN and H2 controllers for the structure in Fig. 7 are presented as
follows. The gains of Wb and Wbs in Eq. (18) are chosen to be 25 and 27, respectively. To establish
the augmented plant matrix in Eq. (18), the frequency responses of the partitioned transfer
functions mentioned in Eq. (16) are identified via the Matlab command invfreqz [20]. These
identified transfer functions are transformed from discrete- to continuous-time domain through
d2 cm command because the m-toolbox of Matlab [17] is used in s-domain. Next, model reduction
is applied via a Matlab command, sysbal [17], to remove the unimportant and unnecessary
dynamics. Then, Matlab commands, h2syn and hinfsyn [17], are introduced to obtain the H2 and
the HN controllers, respectively. Because the orders of the controllers obtained are usually very
high, model reduction is needed. After implementations on the platform of DSP with filter length
256, their performances are found to be very similar and the results of the H2 and the HN

controllers are represented in Figs. 10(a) and (b). The total noise attenuation in the control
bandwidth for H2 controller is 7.17 dB while it is 6.77 dB for HN controller. Because of the lack of
uncertainty consideration, we achieved good performance. However, the controller synthesized in
this structure cannot guarantee the robust stability and robust performance.
Now, we consider the control structure in Fig. 8, with uncertainty taken into account. After

developing the augmented plant matrix in Eq. (19) and applying model reduction, HN controller
is synthesized and implemented again. Due to the conservative property of HN control, the result
shown in Fig. 11 is not as good as the case in Fig. 10(b) and the total noise attenuation is 4.37 dB.
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Thus, m-synthesis control is applied to improve the performance. However, according to Theorem
1 in Section 2.2, the control system achieved robust stability.
First, the types of uncertainty blocks must be specified. In our case, the full complex block is

chosen to be

D :¼ f
D1 0

0 D2

" #
: D1 ¼

D11 0 0 0

0 D12 0 0

0 0 D13 0

0 0 0 D14

2
6664

3
7775;D11BD14AC1	1;D2AC1	2g; ð20Þ
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using (a) H2 controller; (b) HN controller. ——, control off; yy, control on.
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where D1 corresponds to the multiplicative uncertainty in Eq. (15) and D2 is a fictitious
uncertainty block to incorporate the performance objectives on the weighted output sensitivity
transfer function into the m-framework. Second, perform a m-analysis of the closed-loop system
obtained from the previous HN control by the Matlab command mu [17]. The bounds for the
structured singular value are shown in Fig. 12(a). In this m-plot, there are many peaks within
control bandwidth greater than 1. Hence, robust performance is not achieved according to
Theorem 2 in Section 2.2. The objective is to make those peaks as small as possible to acquire
larger bounds on allowable perturbation.
Then, another Matlab command musynfit is used to get D scaling matrix in the D–K iteration

procedures. Next, we can merge the D matrix and original open-loop interconnection to form the
new augmented plant for hinfsyn [17]. There are two facts noteworthy. First, the new augmented
plant is not recommended to apply model reduction to preserve the dynamic of D matrix
approximation. We can thus get better performance which is validated in experiments. Second,
using higher orders can result in accurate fits to the data during musynfit operation. However, it
also results in the increased dimension of the scaled open-loop interconnection, slower speed of
hinfsyn process, and an increased order of resultant controller. After two or three D–K iterations,
a satisfactory m-synthesized controller is obtained. The m-plot of the new closed-loop transfer
matrix is illustrated in Fig. 12(b) and the values of m are less than 1 within the control bandwidth,
which indicates that robust performance has been achieved. The controller is then implemented to
the duct ANC system and the result shown in Fig. 13(a) reveals that the total noise attenuation
7.27 dB is obtained and is comparable to the experiment results in the structure without
considering the plant uncertainty.
As a benchmark test, the commonly used method for the duct ANC problem, FULMS

algorithm, is compared to the proposed techniques. The details of this method can be found in
Ref. [3] and are omitted here for brevity. Both the orders of the numerator and the denominator
of the IIR filter used in FULMS method are 30. Total attenuation within the band 250–650Hz is
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found to be 4.5 dB as shown in Fig. 13(b). Due to the eigenvalue spread problem and the local
minimum problem, the noise reduction could only reach around 560Hz.
Detailed comparison and all the results discussed above are summarized in Table 1. Three

categories are listed in Table 1. The first one is for the control structure without considering
uncertainty in which the H2 and HN controllers are implemented. In the second category, the HN

and m-synthesis controllers are used in the control structure with uncertainty considered. Finally,
the widely used FULMS algorithm is included as the third case. It can be observed in the results
that the proposed m-synthesis controller yields the best performance within control bandwidth.
Furthermore, robust stability and robust performance are achieved within a specified, bounded
uncertainty set.
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5. Conclusions

This paper presents a spatially feedforward design for active control of noise in a duct. The m-
synthesis techniques are employed to deal with this problem in robust fashion. Based on a
nominal structural model and uncertainty description, a set of uncertainty models in which the
physical system is assumed to reside are developed. Using the structured singular value
framework, a controller calculated using m-synthesis is implemented via D–K iteration for noise
suppression.
To summarize, this research has two outcomes. First, it has been shown in the experiments that

the controller obtained from m-synthesis ensures robust stability and robust performance for the
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duct ANC problem. In addition, it is revealed that HN control is conservative, compared to m-
synthesis control when uncertainty is taken into consideration. On the other hand, although the
adaptive filter using FULMS algorithm could achieve some performance in the feedforward
problem, it is prone to stability problems and thus could not guarantee robust performance.
Secondly, instead of theoretically working on m-synthesis, the procedures involved in the analysis
and implementation phases of the robust controller are presented in detail. Experimental
verifications of the proposed ANC system were conducted for a duct problem. In particular,
technical issues such as how to choose the plant uncertainty model and to form the interconnected
structure for control design are addressed. From the experimental results it is clear that that the
theory of m-synthesis procedures provides a realizable robust controller to deal with the
broadband duct ANC problem.
In spite of the preliminary results, the m-synthesis controller is a fixed controller that may not be

able to accommodate excessive plant perturbations such as large temperature variations in a
muffler. It is reported in Eriksson’s work [21] that an adaptive controller with on-line plant
modelling is capable of tracking such plant variations. From the same perspective, combination of
the fixed and the adaptive controllers may make it possible to improve the robustness and thus
will be explored in a future study.
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